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ENDOMORPHISMS OF ORDINARY SUPERELLIPTIC
JACOBIANS
YURI G. ZARHIN
Abstract. Let K be a field of prime characteristic p, n ≥ 5 an integer, f(x)
an irreducible polynomial over K of degree n, whose Galois group is either
the full symmetric group Sn or the alternating group An. Let ℓ be an odd
prime different from p, Z[ζℓ] the ring of integers in the ℓth cyclotomic field,
Cf,ℓ : y
ℓ = f(x) the corresponding superelliptic curve and J(Cf,ℓ) its jacobian.
We prove that the ring of all endomorphisms of J(Cf,ℓ) coincides with Z[ζℓ] if
J(Cf,ℓ) is an ordinary abelian variety and (ℓ, n) 6= (5, 5).
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Key words and phrases: ordinary abelian varieties, superelliptic jacobians,
endomorphisms of abelian varieties.
1. Definitions and statements
Throughout this paper K is a field and Ka its algebraic closure. We write
Gal(K) for the absolute Galois group Gal(Ka/K) := Aut(Ka/K). If X is an
abelian variety of positive dimension over Ka then End(X) stands for the ring of all
its Ka-endomorphisms and End
0(X) for the corresponding Q-algebra End(X)⊗Q.
We write 1X for the identity endomorphism of X . If X is defined over K then we
write EndK(X) for the ring of all K-endomorphisms of X . We have
Z = Z · 1X ⊂ EndK(X) ⊂ End(X),
Q = Q · 1X ⊂ EndK(X)⊗Q =: End0KX ⊂ End(X),
Let C be the field of complex numbers, q a positive integer, ζq ∈ C a primitive
qth root of unity, Q(ζq) ⊂ C the qth cyclotomic field and Z[ζq ] the ring of integers
in Q(ζq).
1.1. Let ℓ be a prime such that char(K) 6= ℓ. Let f(x) ∈ K[x] be a polynomial of
degree n ≥ 3 without multiple roots, Rf ⊂ Ka the (n-element) set of roots of f and
K(Rf) ⊂ Ka the splitting field of f . We write Gal(f) = Gal(f/K) for the Galois
group Gal(K(Rf )/K) of f ; it permutes the roots of f and may be viewed as a
certain permutation group of Rf , i.e., as a subgroup of the group Perm(Rf ) ∼= Sn
of all permutations of Rf . We write Alt(Rf ) ∼= An for the only subgroup of
index 2 in Perm(Rf ) that consists of all even permutations of Rf . Slightly abusing
notation, we say that Gal(f) is the full symmetric group Sn (resp. the alternating
group An) if Gal(f) = Perm(Rf ) (resp. Alt(Rf )).
Let us consider the standard faithful permutational representation of the group
of permutation Gal(f) ⊂ Perm(Rf ) in the n-dimensional Fℓ-vector space
F
Rf
ℓ = {φ : Rf → Fℓ}
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of Fℓ-valued functions on Rf and its (n−1)-dimensional subrepresesentation in the
subspace
(1)
(
F
Rf
ℓ
)0
:= {φ : Rf → Fℓ |
∑
α∈Rf
φ(α) = 0}
(see [4]). The natural surjection
Gal(K)։ Gal(K(Rf )/K) = Gal(f)
provides F
Rf
ℓ with the natural structure of Gal(K)-module and
(
F
Rf
ℓ
)0
becomes
its Gal(K)-submodule.
1.2. Let Cf,ℓ be a smooth projective model of the smooth affineK-curve y
ℓ = f(x);
its genus g is equal to (n− 1)(l− 1)/2 if ℓ does not divide n and to (n− 1)(l− 1)/2
if ℓ divides n. The jacobian J(Cf,ℓ) of Cf,ℓ is a g-dimensional abelian variety that
is defined over K.
Suppose that K contains a primitive ℓth root of unity say. ζ. The map (x, y) 7→
(x, ζy) gives rise to a non-trivial birational K-automorphism δℓ : Cf,ℓ → Cf,ℓ of
period ℓ. By Albanese functoriality, δℓ induces an automorphism of J(Cf,ℓ) which
we still denote by δp. It is known [7, p. 149], [9, p. 458]) (see also [24, 26]) that δℓ
satisfies the ℓth cyclotomic equation, i.e., δℓ
ℓ−1 + · · ·+ δℓ + 1 = 0 in End(J(Cf,ℓ)).
This gives rise to the ring embeddings
Z[ζℓ] →֒ EndK(J(Cf,ℓ)) ⊂ End(J(Cf,ℓ)), ζℓ 7→ δℓ,
Q(ζℓ) →֒ End0K(J(Cf,ℓ)) ⊂ End0(J(Cf,ℓ)), ζl 7→ δℓ,
which send 1 to the identity automorphism of J(Cf,ℓ). In particular, if Q[δℓ] is the
Q-subalgebra of End0(J(Cf,ℓ)) generated by δℓ then the latter embedding estab-
lishes a canonical isomorphism of Q-algebras
Q(ζℓ) ∼= Q[δℓ]
that sends ζℓ to δℓ.
The set of fixed points of δℓ
J(Cf,ℓ)
δℓ := {z ∈ J(Cf,ℓ)(Ka) | δq(z) = z}
is a Gal(K)-submodule of J(Cf,ℓ)(Ka).
Lemma 1.3 (See [7, 9]). If ℓ does not divide n then the the Gal(K)-module
J(Cf,ℓ)
δℓ is isomorphic to
(
F
Rf
ℓ
)0
defined by (1).
1.4. Let Ω1(J(Cf,ℓ)) be the g-dimensional Ka-vector space of (invariant) differen-
tials of the first kind on J(Cf,ℓ) and
δℓ
∗ : Ω1(J(Cf,ℓ))→ Ω1(J(Cf,ℓ))
the linear operator induced by functoriality by δℓ. Clearly, (δ
∗
ℓ )
ℓ is the identity
map. Since char(Ka) 6= ℓ, the linear operator δℓ∗ is diagonalizable. It is known
[24, Remarks 4.5, 4.6 and 4.7 on pp. 352–353] that the spectrum of δ∗ℓ consists
of (primitive) ℓth roots of unity ζ−i where i < ℓ is a positive integer such that
[ni/ℓ] > 0 and the multiplicity of ζ−i equals [ni/ℓ]. (In particular, 1 is not an
eigenvalue of δℓ
∗.)
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The structure of the endomorphism algebra of superelliptic jacobians was studied
in [20, 22, 19, 24, 26, 27, 28, 14, 15, 29]. In particular, the author proved in [17, 22]
that if char(K) = 0, n ≥ 5 and Gal(f) is either Sn orAn then End(J(Cf,ℓ)) = Z[ζℓ].
The aim of this paper is to extend this results to the case of prime characteristic
under an additional assumption that J(Cf,ℓ) is an ordinary abelian variety. Our
main result is the following assertion.
Theorem 1.5. Suppose that K is a field of prime characteristic p. Let n ≥ 5
be an integer and ℓ is an odd prime that does not coincide with p. Suppose that
K contains a primitive ℓth root of unity say, ζℓ and Gal(f) is either Sn or An.
Assume also that J(Cf,ℓ) is an ordinary abelian variety.
If (ℓ, n) 6= (5, 5) then
End0(J(Cf,ℓ)) = Q[δℓ] ∼= Q(ζℓ), End(J(Cf,ℓ)) = Z[δℓ] ∼= Z[ζℓ].
Corollary 1.6 (Corollary to Theorem 1.5). Suppose that K is a field of prime
characteristic p. Let n ≥ 5 be an integer and ℓ is an odd prime that does not
coincide with p. Suppose that Gal(f) = Gal(f/K) coincides either with Sn or with
An. Assume also that J(Cf,ℓ) is an ordinary abelian variety.
If (ℓ, n) 6= (5, 5) then
End(J(Cf,ℓ)) ∼= Z[ζℓ], End0(J(Cf,ℓ)) ∼= Q(ζℓ).
Proof of Corollary 1.6 (modulo Theorem 1.5). Let ζ ∈ Ka be a primitive ℓth root
of unity. Then K1 := K(ζℓ) is a finite abelian extension of K. Hence the Galois
group Gal(f/K1) of f(x) over K1 is the normal subgroup of Gal(f/K) and the
corresponding quotient is an abelian group. Since Gal(f/K) is either Sn or An,
and n ≥ 5, the group Gal(f)/K1 is also either Sn or An. Applying Theorem 1.5 to
(K1, f(x), ℓ), we conclude that
End(J(Cf,ℓ)) ∼= Z[ζℓ], End0(J(Cf,ℓ)) ∼= Q(ζℓ).

1.7. Now let us assume that q = ℓr is a power of a prime ℓ 6= char(K) and
consider the smooth projective model Cf,q of the affine smooth curve y
q = f(x).
If K contains a primitive qth root of unity say, ζ then Cf,q admits a periodic
K-automorphism
(2) δq : Cf,q → Cf,q, (x, y) 7→ (x, ζy),
which induces by Albanese functoriality the periodic automorphism of J(Cf,q),
which we continue denote by
δq ∈ AutK(J(Cf,q).
It is known [24, Lemma 4.8 on p.354] that
(3) δqq = 1J(Cf,q),
ℓ−1∑
i=0
δiℓ
r−1
q = 0.
In addition, the Q-subalgebraQ[δq] of End
0
K(J(Cf,q)) generated by δq is canonically
isomorphic to the direct sum
∏r
j=1Q(ζℓj ) of cyclotomic fields (ibid).
The following assertion was proven by the author in [24, Th. 1.1 on p. 340]
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Theorem 1.8. Let K be a subfield of C. Suppose that n ≥ 5 is an integer, ℓ
is a prime and r a positive integer. Let us assume that either ℓ ∤ n or q := ℓr
divides n. Suppose that Gal(f) is either Sn or An. A If (q, n) 6= (5, 5) then the
semisimple Q-algebra End0(J(Cf,ℓ)) coincides with Q[δq] is isomorphic to the direct
sum
∏r
j=1Q(ζℓj ) of cyclotomic fields.
Remark 1.9. J. Xue [14] extended the result of Theorem 1.8 to the remaining case
when ℓ | n but q does not divide n.
The second main result of this paper is an analogue of Theorem 1.8 in finite
characteristic for ordinary jacobians.
Theorem 1.10. Suppose that K is a field of prime characteristic p. Let n ≥ 5 be
an integer, ℓ an odd prime that does not coincide with p, r a positive integer. Let
us assume that either ℓ ∤ n or q := ℓr divides n. Suppose that Gal(f) is either Sn or
An. Assume also that the jacobian J(Cf,q) of Cf,q is an ordinary abelian variety.
If (q, n) 6= (5, 5) then the semisimple Q-algebra End0(J(Cf,ℓ)) coincides with
Q[δq] and is isomorphic to the direct sum
∏r
j=1Q(ζℓj ) of cyclotomic fields.
Remarks 1.11. (ii) Replacing K by its perfectization p
∞
√
K, we may and will
assume in the course of the proof of Theorems 1.5 and 1.10 that K is a
perfect field.
(ii) ReplacingK by its suitable finite abelian extension, we may and will assume
in the course of the proof of Theorems 1.5 and 1.10 that Gal(f) = An and
K contains a primitive ℓth root of unity.
(iii) Using an elementary substitution (see [24, Remark 4.3]), we may and will
assume in the course of the proof of Theorems 1.5 and 1.10 that ℓ does not
divide n.
Example 1.12. Let us choose positive integers q ≥ 2 and d and assume that either
q ≥ 7 or d ≥ 2. Pick an odd prime p that is congruent to 1 modulo q(dq−1). Let us
put n = dq; clearly, n ≥ 6. Let K = F¯p(t) be the field of rational functions in one
variable over an algebraic closure F¯p of the (finite) prime field Fp of characteristic
p. Since p > n, the product n(n − 1) is not divisible by p. This implies that the
polynomial f(x) = xn − x − t ∈ K[x] is a Morse function in a sense of [10, p.
39]; in particular, Gal(f) = Sn [10, Th. 4.4.5]. I claim that the jacobian J of the
superelliptic K-curve C : yq = xn − x− t is an ordinary abelian variety over K. In
order to prove that, it suffices to check that the jacobian J0 of its specialization
C0 : y
q = xn − x = xdq − x
(at t = 0) is an ordinary abelian variety over F¯p. Dividing the equation of C0 by
xn and using a substitution
u =
y
xd
, v =
1
x
,
we obtain that C0 is birationally isomorphic to the curve
C′ : uq = 1− vdq−1.
Clearly, C′ is covered by Fermat curve
wm = 1− zm
with m := q(dq − 1). Since p− 1 is divisible by q(dq − 1) = m, the jacobian of the
Fermat curve is ordinary [16, Prop. 4.1 and Th. 4.2]. Since J0 is isomorphic to a
ENDOMORPHISMS OF ORDINARY SUPERELLIPTIC JACOBIANS 5
quotient of the jacobian of the Fermat curve, it is also ordinary. This implies that
J is ordinary. Now if q = ℓ is an odd prime then n = dp ≥ 2ℓ ≥ 6 and the equality
End(J(Cf,ℓ)) = Z[ζℓ] follows from Theorem 1.5. (Compare with [25] where the case
of p = 3, n = 9 is discussed.)
Similarly, if r ≥ 2 is an integer and q = ℓr is a power of a prime ℓ then it follows
from Theorem 1.10 that
End0(J(Cf,ℓ)) ∼= ⊕rj=1Q(ζℓi).
Acknowledgements. I am grateful to Noriko Yui and Daqing Wan for stimu-
lating discussions.
2. The plan of the proof
Our proof is based on Serre-Tate canonical lifting of ordinary abelian varieties
[3] and the following assertions.
Theorem 2.1. Suppose that a positive integer q = ℓr is a power of a prime ℓ
with positive integer r, n ≥ 5 a positive integer that is not divisible by ℓ. Let K a
field of characteristic zero that contains a primitive qth root of unity ζ. Let Y be a
positive-dimensional abelian variety over K that admits an endomorphism (actually
an automorphism) δK ∈ EndK(Y) that satisfies the qth cyclotomic equation
(4) Φq(δK) =
ℓ−1∑
i=0
δiℓ
r−1
K
= 0
in EndK(Y). Then δK and Y enjoy the following properties.
(1) (1i) δq
K
= 1Y.
(1ii) The ring homomorphism
(5) iY : Z[ζq]→ EndK(Y) ⊂ End(Y)
that sends 1 to 1Y and ζq to δK is a ring embedding.
(1iii) ϕ(q) = [Q(ζq) : Q] divides 2dim(Y).
(2) Assume additionally that δK and Y enjoy the following properties.
(2i) Let us consider the K-linear map
δ∗
K
: Ω1(Y)→ Ω1(Y)
induced by δK.
Then all eigenvalues of δ∗
K
are primitive qth roots of unity. In addition,
for each positive integer i with
1 ≤ i ≤ q, (i, ℓ) = 1
the multiplicity of ζ−i as an eigenvalue of δ∗
K
is [ni/q]. In particular,
ζ−i is an eigenvalue of δ∗
K
if and only if [ni/q] > 0.
(2ii) The Gal(K)-submodule of fixed points of δK
YδK := {y ∈ Y(K¯) | δK(y) = y} ⊂ Y(K¯)
is a (n − 1)-dimensional vector space over the prime finite field Fℓ,
the image of Gal(K) in AutFℓ(Y
δK) contains a subgroup isomorphic to
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An and the corresponding An-module Y
δ is isomorphic to the natural
representation of An in
(Fnℓ )
0
:= {(a1, . . . , an) ∈ Fnℓ |
n∑
i=1
ai = 0}.
Then the following conditions hold.
(a) The spectrum of the linear operator δ∗
K
consists of more that ϕ(q) distinct
eigenvalues.
(b)
iY (Z[ζq ]) = EndK(Y) = End(Y),
i.e., End(Y) coincides with its own subring generated by δK and the ring
homomorphism iY is a ring isomorphism. In particular, Y is absolutely
simple and End0(Y) ∼= Q(ζq).
Theorem 2.2. Suppose that a positive integer q = ℓr is a power of a prime ℓ with
positive integer r, n ≥ 5 a positive integer that is not divisible by ℓ. Let K a perfect
field of prime characteristic p 6= ℓ that contains a primitive qth root of unity ζ¯. Let
Y be a positive-dimensional abelian variety over K that admits an endomorphism
(actually an automorphism) δ ∈ EndK(Y ) that satisfies the qth cyclotomic equation
(6) Φq(δ) =
ℓ−1∑
i=0
δiℓ
r−1
= 0
in EndK(Y ). Then δ and Y enjoy the following properties.
(1) (1i) δq = 1Y .
(1ii) The ring homomorphism
(7) iY : Z[ζq]→ EndK(Y ) ⊂ End(Y )
that sends 1 to 1Y and ζq to δ is an embedding.
(1iii) ϕ(q) = [Q(ζq) : Q] divides 2dim(Y ).
(2) Assume additionally that δ and Y enjoy the following properties.
(2i) Let us consider the K-linear map
δ∗ : Ω1(Y )→ Ω1(Y )
induced by δ.
Then all eigenvalues of δ∗ are primitive qth roots of unity. In addition,
for each positive integer i with
1 ≤ i ≤ q, (i, ℓ) = 1
the multiplicity of ζ¯−i as an eigenvalue of δ∗ is [ni/q]. In particular,
ζ¯−i is an eigenvalue of δ∗ if and only if [ni/q] > 0.
(2ii) The Gal(K)-submodule of fixed points of δ
Y δ := {y ∈ Y (K¯) | δ(y) = y} ⊂ Y (K¯)
is a (n − 1)-dimensional vector space over the prime finite field Fℓ,
the image of GalK in AutFℓ(Y
δ) contains a subgroup isomorphic to
An and the corresponding An-module Y
δ is isomorphic to the natural
representation of An in
(Fnℓ )
0
= {(a1, . . . , an) ∈ Fnℓ |
n∑
i=1
ai = 0}.
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Then the following conditions hold.
(a) The spectrum of the linear operator δ∗ consists of more that ϕ(q) distinct
eigenvalues.
(b)
iY (Z[ζq]) = EndK(Y ) = End(Y ),
i.e., End(Y ) coincides with its own subring generated by δ and the ring
homomorphism iY is a ring isomorphism. In particular, Y is absolutely
simple and End0(Y ) ∼= Q(ζq)
Proof of Theorem 1.5 (modulo Theorem 2.2). In light of Remarks 1.11, we may and
will assume that K is a perfect field and Gal(f) = An. and ℓ does not divide n.
Let us put
q = ℓ, Y = J(Cf,ℓ), δ = δℓ.
Let us choose an order on the n-element set Rf . This gives us a bijection between
Rf and {1, 2, . . . n}. This gives us the group isomorphism Gal(f) ∼= An and an
isomorphism of the corresponding An-modules
(
F
Rf
ℓ
)0
and (Fnℓ )
0
. Lemma 1.3 and
results of Subsection 1.4 imply that all the conditions of Theorem 2.2 are fulfilled.
Now the desired result follows from Theorem 2.2. 
3. Endomorphism algebras of abelian varieties
Let X be an abelian variety of positive dimension over an arbitrary field K. If
n is a positive integer that is not divisible by char(K) then X [n] stands for the
kernel of multiplication by n in X(Ka). It is well-known [5] that X [n] is a free
Z/nZ-module of rank 2dim(X). In particular, if n = ℓ is a prime then X [ℓ] is a
2dim(X)-dimensional Fℓ-vector space.
If X is defined overK thenX [n] is a Galois submodule in X(Ka) and all points of
X [n] are defined over a finite separable extension ofK. We write ρ¯n,X,K : Gal(K)→
AutZ/nZ(X [n]) for the corresponding homomorphism defining the structure of the
Galois module on X [n],
G˜n,X,K ⊂ AutZ/nZ(X [n])
for its image ρ¯n,X,K(Gal(K)) and K(X [n]) for the field of definition of all points
of X [n]. Clearly, K(X [n]) is a finite Galois extension of K with Galois group
Gal(K(X [n])/K) = G˜n,X,K . If n = ℓ then we get a natural faithful linear repre-
sentation
G˜ℓ,X,K ⊂ AutFℓ(X [ℓ])
of G˜ℓ,X,K in the Fℓ-vector space X [ℓ].
Since X is defined over K, one may associate with every u ∈ End(X) and
σ ∈ Gal(K) an endomorphism σu ∈ End(X) such that σu(x) = σu(σ−1x) for
x ∈ X(Ka) and we get the group homomorphism
κX : Gal(K)→ Aut(End(X)); κX(σ)(u) = σu ∀σ ∈ Gal(K), u ∈ End(X).
It is well-known that EndK(X) coincides with the subring of Gal(K)-invariants
in End(X), i.e., EndK(X) = {u ∈ End(X) | σu = u ∀σ ∈ Gal(K)}. It is
also well-known that End(X) (viewed as a group with respect to addition) is a
free commutative group of finite rank and EndK(X) is its pure subgroup, i.e., the
quotient End(X)/EndK(X) is also a free commutative group of finite rank.
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4. Abelian schemes
Let K be a complete discrete valuation field with discrete valuation ring OK
with maximal ideal m and perfect residue field κ := OK/m. We write
OK → OK/m = κ, a 7→ a¯ = a+m
for the residue map. If q is a positive integer that is not divisible by char(κ) and
such that κ contains a primitive qth root of unity then it follows from Hensel’s
Lemma that OK contains a primitive qth root of unity and the reduction map
defines a canonical isomorphim
µq,K ∼= µq,κ, γ 7→ γ¯
between the order q cyclic groups of qth roots of unity
µq,K ⊂ OK ⊂ K∗
and µq,κ ⊂ κ∗.
Since K is complete, the absolute Galois group Gal(K) = Aut(K¯/K) coincides
with the decomposition group and the inertia subgroup I of Gal(K) is a closed
normal subgroup of Gal(K). The natural extension of the reduction map to K¯
induces the surjective continuous group homomorphism [12, Sect. 1]
(8) redGal : Gal(K)/I → Gal(κ),
which is actually an isomorphism of compact (profinite) groups.
We write S for Spec(OK). It is well known that S consists of generic point η
that corresponds to {0} and closed point s that corresponds to m.
Let f : X → S be an abelian scheme over S of positive relative dimension g.
We write XK for its generic fiber, which is a g-dimensional abelian variety over K,
and Xs for its closed fiber, which is a g-dimensional abelian variety over κ. By
definition, X is a separated scheme; it is known [2, Remark 1.2 on p. 1] that X is a
scheme of finite type over S and therefore is noetherian. In addition, X is a Ne´ron
model of XK [1, Prop. 8 on p. 15]. In particular, the natural ring homomorphism
(9) EndS(X )→ End(XK), u 7→ uK
is a isomorphism. Notice that the natural ring homomorphism
(10) EndS(X )→ End(Xs), u 7→ us
is an embedding.
As usual, we write OX for the structure sheaf of X . Clearly, the ring Γ(X,OX ) of
global sections of X is a OK-algebra. Since f is proper, the OK-module Γ(X,OX )
is finitely generated.
The following assertion is contained in [12, Theorem 1 on p. p. 493 and Lemma
2 on p. 495].
Lemma 4.1. Let n be a positive integer that is not divisible by char(κ).
(i) The action of the inertia subgroup I on the Gal(K)-module XK[n] is trivial
and therefore one may view XK[n] as the Gal(κ)-module via (8).
(ii) There is a canonical isomorphism of Gal(κ)-modules
(11) redn : XK[n] ∼= Xs[n]
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such that the diagram
(12)
XK[n]
uK−−−−→ XK[n]
redn
y redny
Xs[n]
us−−−−→ Xs[n]
is commutative for all u ∈ EndS(X ).
• The Gal(κ)-modules of fixed points
XK[n]
uK = {x ∈ XK[n] | uK(x) = x}
and
Xs[n]
us = {x ∈ Xs[n] | us(x) = x}
are isomorphic for all u ∈ EndS(X ).
Proof. (i) follows from [12, Theorem 1 on p. p. 493 and Lemma 2 on p. 495]. This
implies that XK[n]
I = XK[n].
The desired isomorphism of Galois modules
redn = XK[n]
I = XK[n] ∼= Xs[n]
is constructed in the proof of Lemma 2 on p. 495 of [12]. It follows readily from the
construction that all the diagrams (12) are commutative. This proves (ii), which
immediately implies (iii). 
The following assertion is certainly well known but I failed to find a suitable
reference.
Lemma 4.2. The scheme X is normal reduced irreducible and Γ(X,OX ) = OK.
Proof. The abelian scheme X is automathically of finite presentation over S [2,
Remark 1.2(a) on p. 3]. Since S is normal and f : X → S is smooth, it follows from
[6, Prop. 5.5 on pp. 235–236] that X is normal and therefore reduced. It follows
from [6, Criterion 5.5.2 on pp. 234–235] that the irreducible components of the
topological space X are disjoint. Since XK is a nonempty open irreducible subset
of X , it lies in an irreducible component of X say, Y1. Since Xs is a nonempty
closed irreducible subset of X , it lies in an irreducible component of X say, Y2.
This implies that the topological space X is a union of Y1 and Y2. Since irreducible
components are closed subsets, both Y1 and Y2 are closed subsets in X . Since f
is proper, f(Y1) is a closed subset of S. By definition, f(Y1) contains the generic
point η of S and therefore contains its closure S. This implies that f(Y1) = S.
Hence Y1 meets Xs and therefore meets Y2 as well. It follows that Y1 = Y2 and
therefore X = Y1 is irreducible. This implies that Γ(X,OX ) is an OK-algebra
without zero divisors. On the other hand, the properness of f implies that the
OK-algebra Γ(X,OX ) is a finitely generated Γ(S,OS) = OK-module.
Recall that XK is an open nonempty subset of X . The irreducibility of X implies
that XK is dense in X . It follows that the restriction map
Γ(X,OX )→ Γ(XK,OXK) = K
is injective. This implies that the (isomorphic) image of Γ(X,OX ) in K is an
order containing OK and therefore coincides with OK. It follows that Γ(X,OX ) =
OK. 
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We write Ω1(XK) and Ω
1(Xs) for the K-vector space Ω
1(XK) of differentials of
the first kind on XK and the κ-vector space Ω
1(Xs) of differentials of the first kind
on Xs respectively (both of dimension g).
Theorem 4.3. Let q be a positive integer that is not divisible by char(κ) such that
κ contains a primitive qth root of unity.
Suppose that δS is an automorphism of the abelian scheme X/S such that δN
is the identity map. Let δK : XK → XK and δs : Xs → Xs be the automor-
phisms of abelian varieties XK and Xs induced by δS. Let us consider the linear
automorphisms
δ∗
K
: Ω1(XK)→ Ω1(XK), δ∗κ : Ω1(Xs)→ Ω1(Xs)
induced by δK and δs respectively.
Let spec(δ∗
K
) ⊂ K¯ and spec(δ∗κ) ⊂ κ¯ be the sets of eigenvalues of δ∗K and δ∗κ
respectively.
Then:
(i) Both δ∗
K
and δ∗κ are diagonalizable linear operators and
spec(δ∗
K
) ⊂ µq,K, spec(δ∗κ) ⊂ µq,κ.
(ii) A root of unity γ ∈ µq lies in spec(δ∗K) if and only if γ¯ lies in spec(δ∗κ).
(iii) The multiplicity of each γ ∈ spec(δ∗
K
) coincides with the multiplicity of
γ¯ ∈ spec(δ∗κ).
Proof. Clearly,
(δ∗
K
)q = 1XK , (δκ)
N = 1Xs
and therefore both (δ∗
K
)N and (δ∗κ)
N are the identity automomorphisms of Ω1(XK)
and Ω1(Xs) respectively. The conditions on q imply that both δ
∗
K
and δ∗κ are
diagonalizable and their eigenvalues lie in µq,K and µq,κ respectively. This proves
(i).
In order to prove (ii) and (iii), recall [1, Cor. 3 on p. 102] that the sheaf Ω1X/S
of relative differentials is a free OX -module of rank g and therefore is generated
by certain g sections that remain linearly independent at every point of X . It
follows from Lemma 4.2 that the group Γ(X ,Ω1X/S) of its global sections is a free
OK-module of rank g. Let
δ∗S : Γ(X ,Ω1X/S)→ Γ(X ,Ω1X/S)
is the automorphism of Γ(S,OS) = OK-module Γ(X ,Ω1X/S) induced by δ. Clearly,
(δ∗S)
N is the identity map. Our conditions on N imply the existence of a basis
{ω1, . . . , ωg} of Γ(X ,Ω1X/S) such that for each i = 1, . . . g there exists γi ∈ µN,K
such that
δ∗Sωi = γiωi.
Clearly, {ω1, . . . , ωg} remain linearly independent at every point of X . This implies
that their restrictions {ω1,s, . . . , ωg,s} to Xs constitute a basis of κ-vector space
Γ(Xs,Ω
1
X/κ) = Ω
1(Xs),
their restrictions {ω1,K, . . . , ωg,K} to XK constitute a basis of K-vector space
Γ(XK,Ω
1
XK/K) = Ω
1(XK).
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The functoriality of the formation of relative differentials and its compatibility with
base change [1, Prop. 3 on p. 34 and p. 35] imply that
δ∗
K
ωi,K = γi · ωi,K, δ∗sωi,s = γ¯i · ωi,s.
for all i = 1, . . . g. This implies readily (ii) and (iii). 
Theorem 4.4. We keep the notation and assumptions of Theorem 4.3. Suppose
that there exist a prime ℓ and a positive integer r such that q = ℓr (in particular,
ℓ 6= char(κ), the field κ contains a primitive ℓrth root of unity) and δS ∈ EndS(X )
satisfies the qth cyclotomic equation
Φℓr(δ) = 0
where
Φℓr(t) =
tℓ
r − 1
tℓr−1 − 1 =
l−1∑
j=0
tjℓ
r−1 ∈ Z[t].
Let us consider the subgroups of fixed points
XδK
K
= {x ∈ XK(K¯) | δK(x) = x} ⊂ XK(K¯)
and
Xδss = {y ∈ Xs(K) | δs(y) = y} ⊂ Xs(κ¯).
Then:
(i) XδK
K
is a Gal(K)-submodule of XK[ℓ] and X
δs
s is a Gal(κ)-submodule of
Xs[ℓ].
(ii) Xδss viewed as the Gal(K)-module is isomorphic to X
δK
K
.
Proof. (i) Obvious.
(ii) It follows readily from Lemma 4.1 applied to n = ℓ and u = δ. 
5. Canonical liftings
Let κ be a perfect field of prime characteristic p, W (κ) its ring of Witt vectors
and K the field of fractions of W (κ). The field K is a complete discrete valuation
field of characteristic zero with valuation ring W (κ) and residue field κ.
Let X0 be an abelian variety over κ of positive dimension g. If X0 is ordinary
then there exists a canonical Serre-Tate lifting of X - an abelian scheme X over
S = Spec(W (κ)), whose closed fiber coincides with X , and the natural ring ho-
momorphism EndS(X ) → Endκ(X0) is an isomorphism [3, p. 172, Th. 3.3]. We
write XK for the generic fiber of X ; it is a g-dimensional abelian variety over K.
The abelian scheme X is a Ne´ron model of XK and therefore the natural ring
homomorphism EndS(X )→ EndK(XK) is an isomorphism [1].
6. Abelian varieties with multiplications
Let E be a number field. Let (X, i) be a pair consisting of an abelian variety X
of positive dimension over Ka and an embedding i : E →֒ End0(X). Here 1 ∈ E
must go to 1X .
Remark 6.1. It is well known [13, Prop. 2 on p. 36]) that the degree [E : Q]
divides 2dim(X), i.e.
dX,E :=
2dim(X)
[E : Q]
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is a positive integer.
Let us denote by End0(X, i) the centralizer of i(E) in End0(X). Clearly, i(E)
lies in the center of the finite-dimensional Q-algebra End0(X, i). It follows that
End0(X, i) carries a natural structure of finite-dimensional E-algebra.
Let O be the ring of integers in E. If a is a non-zero ideal in O then the quotient
O/a is a finite commutative ring. Let λ be a maximal ideal in O. We write k(λ)
for the corresponding (finite) residue field O/λ and ℓ for char(k(λ)). We have
O ⊃ λ ⊃ ℓ · O.
Remark 6.2. (See [27, Remark 3.3].) Let us assume that λ is the only maximal
ideal of O dividing ℓ, i.e., ℓ · O = λb where the positive integer b satisfies
[E : Q] = b · [k(λ) : Fℓ].
(i) We have O ⊗ Zℓ = Oλ where Oλ is the completion of O with respect to
λ-adic topology. It The ring Oλ is a local principal ideal domain, its only
maximal ideal is λOλ and
k(λ) = O/λ = Oλ/λOλ, ℓ · Oλ = (λOλ)b.
(ii) Let us choose an element c ∈ λ that does not lie in λ2. Then
λ = ℓ · O + c · O.
This implies that for all positive integers j ≤ b
λj = ℓ · O + cj · O.
This implies that
(λOλ)j = cj · Oλ.
In particular,
ℓ · Oλ = cb · Oλ.
It follows that
c−jℓ · Oλ = cb−j · Oλ.
(iii) Notice that Eλ = E ⊗Q Qℓ = O ⊗ Qℓ = Oλ ⊗Zℓ Qℓ is the field coinciding
with the completion of E with respect to λ-adic topology.
Suppose that X is defined over K and i(O) ⊂ EndK(X). Then we may view
elements of O as K-endomorphisms of X . We write End(X, i) for the centralizer of
i(O) in End(X) and EndK(X, i) for the centralizer of i(O) in EndK(X). Obviously,
End(X, i) is a pure subgroup in End(X) and EndK(X, i) = End(X, i)
⋂
EndK(X)
is a pure subgroup in End(X, i), i.e. the quotients End(X)/End(X, i) and
End(X, i)/EndK(X, i) are torsion-free. We have
i(O) ⊂ EndK(X, i) ⊂ End(X, i) ⊂ End(X).
It is also clear that
End(X, i) = End0(X, i)
⋂
End(X),
End0(X, i) = End(X, i)⊗Q ⊂ End(X)⊗Q = End0(X).
Clearly, End(X, i) carries a natural structure of finitely generated torsion-free O-
module. Since O is a Dedekind ring, it follows that there exist non-zero ideals
b1, . . . , bt in O such that
Z · 1X ⊂ End(X, i) ∼= b1 ⊕ · · · ⊕ bt
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(as O-modules).
Clearly, κ(σ)(End(X, i)) = End(X, i) for all σ ∈ Gal(K) and
EndK(X, i) = {u ∈ End(X, i) | σu = u ∀σ ∈ Gal(K)}.
Let us assume that char(K) does not divide the order of O/a and put
X [a] := {x ∈ X(Ka) | i(e)x = 0 ∀e ∈ a}.
For example, assume that ℓ 6= char(K). Then the order of O/λ = k(λ) is a power
of ℓ and X [λ] ⊂ X [ℓ].
Clearly, X [a] is a Galois submodule of X(Ka). It is also clear that X [a] carries
a natural structure of O/a-module. (It is known [11, Prop. 7.20] that this module
is free.)
Remark 6.3. Assume in addition that λ is the only maximal ideal of O dividing
ℓ and pick
c ∈ λ \ λ2 ⊂ λ ⊂ O.
By Remark 6.2(ii), λ is generated by ℓ and c. Therefore
(13) X [λ] = {x ∈ Xℓ | cx = 0} ⊂ X [ℓ].
More generally, for all positive integers j ≤ b the ideal λj is generated by ℓ and cj ,
which implies that
(14) X [λj ] = {x ∈ Xℓ | cjx = 0} ⊂ X [ℓ].
Obviously, every endomorphism from End(X, i) leaves invariant the subgroup
X [a] ⊂ X(Ka) and induces an endomorphism of the O/a-module X [a]. This gives
rise to a natural homomorphism
End(X, i)→ EndO/a(X [a]),
whose kernel contains a ·End(X, i). Actually, the kernel coincides with a ·End(X, i),
i. e., there is an embedding
(15) End(X, i)⊗O O/a →֒ EndO/a(X [a]).
See [27, pp. 699-700] for the proof.
Now we concentrate on the case of a = λ, assuming that
ℓ 6= char(K).
Then X [λ] carries the natural structure of a k(λ)-vector space provided with the
structure of Galois module and (15) gives us the embedding
End(X, i)⊗O k(λ) →֒ Endk(λ)(X [λ]). (4)
Further we will identify End(X, i) ⊗O k(λ) with its image in Endk(λ)(X [λ]). We
write
ρ˜λ,X : Gal(K)→ Autk(λ)(X [λ])
for the corresponding (continuous) homomorphism defining the Galois action on
X [λ]. It is known [11, Prop. 7.20] (see also [8]) that
(16) dimk(λ)X [λ] =
2dim(X)
[E : Q]
:= dX,E .
Let us put
G˜λ,X = G˜λ,i,X := ρ˜λ,X(Gal(K)) ⊂ Autk(λ)(X [λ]).
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Clearly, G˜λ,X coincides with the Galois group of the field extension K(X [λ])/K
where K(X [λ]) is the field of definition of all points in X [λ].
It is also clear that the image of EndK(X, i) ⊗O k(λ) lies in the centralizer
EndG˜λ,i,X of G˜λ,i,X in Endk(λ)(X [λ]).
Lemma 6.4. (See [27, Lemma 3.8].) Suppose that i(O) ⊂ EndK(X). If λ is
a maximal ideal in O such that ℓ 6= char(K) and EndG˜λ,X,K (X [λ]) = k(λ) then
EndK(X, i) = O.
7. Proof of Theorem 2.1
The ring homomorphism iY defined in (5) is an embedding, because the qth
cyclotomic polynomial is irreducible over Q. This proves the first assertion of
Theorem 2.1.
The assertion about the cardinality of the spectrum of δ∗
K
is actually proven on
pp. 357–358 of [24].
Let us put
E = Q(ζq), O = Z[ζq] ⊂ Q(ζq) = E
and write λ for the maximal ideal (1 − ζq)O of O. It is well known that λ is the
only maximal ideal of O that lies above ℓ and the field
k(λ) = O/λ = Fℓ.
Recall [24] that
Yλ = {y ∈ Y(K¯) | iY(e)y = 0 ∀e ∈ O}.
Clearly,
Yλ = {y ∈ Y(K¯) | (1Y − δK)y = 0} = Yδ.
Combining Condition (2ii) of Theorem 2.1 and (16), we obtain that
(17) n− 1 = 2dim(Y)
[E : Q]
, 2dim(Y) = (n− 1)ϕ(q).
Let Q[δK] be the Q-subalgebra of End
0(Y) generated by δK. Actually, Q[δK] is
a (sub)field isomorphic to Q(ζq). We write End
0(Y, iY) for the centralizer of Q[δK]
in End0(Y). Clearly
δK ∈ Q[δK] ⊂ End0(Y, iY) ⊂ End0(Y).
It follows from condition (ii) and Theorem 4.7 of [20] that the Gal(K)-module
Yλ is very simple in a sense of [18]. It follows from Theorem 3.8 of [24] that one of
the following conditions holds.
(a) The subring iY(O) coincides with its own centralizer in End(Y ). In other
words, every endomorphism in End(Y) that commutes with δK may be
presented as a polynomial in δK with integer coefficients. Equivalently,
Q[δK] = End
0(Y, iY).
(b) End0(Y, iY) ofQ[δ] is a central simpleQ[δK]-algebra of dimension (2dim(Y)/[E : Q])
2
.
(It follows from (17) that the Q[δK]-dimension of End
0(Y, iY) is (n− 1)2.)
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Let us prove that the case (b) does not occur. Every eigenspace of δ∗ is invariant
under the natural action of End0(Y, iY). The properties of End
0(Y, iY) imply that
the multiplicity of every eigenvalue of δ∗
K
is divisible by (n − 1). (It is the only
place where we use that char(K) = 0.) Notice that for each positive integer i < q
with (i, ℓ) = 1
(18)
[
ni
q
]
+
[
n(q − i)
q
]
= n− 1.
This implies that if ζ−i is an eigenvalue of δ∗
K
then its multiplicity [ni/q] is a positive
integer divisible by (n− 1) and therefore equals (n− 1). By (18), [n(q − i)/q] = 0,
i.e., ζ−(q−i) = ζ−i is not an eigenvalue of δ∗
K
. This implies that the number of
distinct eigenvalues of δ∗ does not exceed ϕ(q)/2, which is not true. This proves
that the case (b) does not occur.
So, the case (a) holds, i.e., the field Q[δK] ∼= Q(ζq) coincides with its own cen-
tralizer in End0(Y). Then Q[δK] contains the center CY of End
0(Y). It follows from
Corollary 2.2 of [24] that Q[δY] coincides with CY. This implies that the centralizer
of Q[δK] is the whole End
0(Y) and therefore End0(Y) = Q[δK]. Since Z[δK] ∼= Z[ζq]
and Z[ζq] is the maximal order in Q[ζq],
End(Y) = Z[δK] ∼= Z[ζq].
This ends the proof of Theorem 2.1.
8. Proof of Theorem 2.2
Let W (K) be the ring of Witt vectors over K and K its field of fractions, which
has characteristic 0. Since K contains a primitive qth root of unity, there is a
primitive qth root of unity
ζ ∈W (K) ⊂ K,
that goes to ζ in K under the reduction map.
Let S := Spec(W (K)) and f : Y → S be the canonical Serre-Tate lifting of Y
[3], which is an abelian scheme over S, whose closed fiber is Y . We write Y for the
generic fiber of f , which is an abelian variety over K with the same dimension as
Y . We know (see Section 5) that the natural ring isomorphisms
(19) EndK(Y )← EndS(Y)→ EndK(Y)
are isomorphisms. Let δS ∈ EndS(Y) be the preimage (lifting) of δ in EndS(Y) and
δK ∈ EndK(Y) be the image (restriction to the generic fiber) of δS in EndK(Y).
Isomorphisms (19) induce ring isomorphisms
(20) Z[δK]← Z[δS ]→ Z[δ].
In light of (2.2),
(21) Φq(δS) = 0, Φq(δK) = 0; δ
q
S = 1Y , δ
q
K
= 1Y.
Then the ring homomorphism
iY : Z[ζq]→ Z[δK] ⊂ EndK(Y)
that sends 1 to 1Y and ζq to δK is a ring embedding. This proves Theorem 2.2(1).
In order to prove Theorem 2.2(2), we are going to apply Theorem 2.1 to Y/K.
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Theorems 4.4 and 4.3 applied to Y/S imply that all the conditions of Theorem 2.1
are fulfilled. Applying Theorem 2.1(2) to Y/K, δK, ζ, we conclude that
iY(Z[ζq ]) = EndK(Y) = End(Y).
It remains to recall that there is a canonical ring isomorphism between End(Y ) and
End(Y) under which δ = iY (ζq) goes to δK = iK(δK).
9. superelliptic jacobians
We are heading for the proof of Theorem 1.10. We keep the notation of Section
1. In particular, ℓ is a prime, K is a field of characteristic p 6= ℓ that contains ζ,
which is a primitive q = ℓrth root of unity; f(x) ∈ K[x] is a polynomial of degree
n ≥ 4 and without multiple roots,
We write Cf,q for the superelliptic K-curve y
q = f(x) and J(Cf,q) for its ja-
cobian. Recall that J(Cf,q) is an abelian variety that is defined over K. In [24]
I constructed an abelian positive-dimensional K-subvariety J (f,q) ⊂ J(Cf,q) that
enjoys the following properies.
(i) There exists a K-isogeny of abelian varieties
r∏
j=1
J (f,ℓ
i) → J(Cf,q).
(ii) There is a ring embedding
eq : Z[ζq ] →֒ EndK(J (f,q))
that sends 1 to 1J(f,q) and enjoys the following properies.
(1) δ := eq(ζq) ∈ EndK(J (f,q)) is an automorphism of J (f,q) that satisfies
ℓ−1∑
i=0
δiℓ
r−1
= 0, δq = 1J(f,q) .
(2) If l ∤ n then the Gal(K)-(sub)module
(
J (f,q)
)δ
of δ-invariants is iso-
morphic to
(
F
Rf
ℓ
)0
.
(3) If l ∤ n then the eigenvalues of δ∗ : Ω1(J (f, q)) are primitive qth roots
of unity. In addition, for each positive integer i with
1 ≤ i ≤ q, (i, ℓ) = 1
the multiplicity of ζ−i as an eigenvalue of δ∗ is [ni/q]. In particular,
ζ−i is an eigenvalue of δ∗ if and only if [ni/q] > 0.
Proof of Theorem 1.10. We may assume that ℓ does not divide n, the field K is
perfect and contains a primitive qth root of unity, and Gal(f) = An. Since J(Cf,q)
is ordinary, it follows from Property (i) that J (f,ℓ
j) is ordinary if 1 ≤ j ≤ r.
Applying Theorem 2.2 to
Y = J (f,ℓ
j), δ = eℓj(ζℓj )
for all such j, we obtain that
End(J (f,ℓ
j)) ∼= Z[ζℓj ], End0(J (f,ℓ
j)) ∼= Q(ζℓj ).
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In particular, all J (f,ℓ
j) are absolutely simple and their endomorphism algebras are
non-isomorphic for distinct j. Now Property (i) implies that
End0(J(Cf,q)) ∼= ⊕rj=1End0(J (f,ℓ
j)) ∼= ⊕rj=1Q(ζℓj ).
This implies that
End0(J(Cf,q)) ∼= ⊕rj=1Q(ζℓj ).
On the other hand, End0(J(Cf,q) contains the Q-subalgebra Q[δq] and the latter is
isomorphic to ⊕rj=1Q(ζℓj ) (see Subsect. 1.7). Now Q-dimension arguments imply
that End0(J(Cf,q) = Q[δq]. 
References
[1] S. Bosch, W. Lu´tkebohmert, M. Raynaud: Ne´ron Models. Springer–Verlag, 1990.
[2] G. Faltings, Ch.-L. Chai, Degeneration of abelian varieties. Springer-Verlag, 1990.
[3] W. Messing, The crystals associated to Barsotti–Tate groups with applications to Abelian
schemes. Springer Lecture Notes in Math. 264 (1972)
[4] B. Mortimer, The modular permutation representations of the known doubly transitive
groups. Proc. London Math. Soc. (3) 41, 1–20 (1980)
[5] D. Mumford, Abelian varieties. 2nd edn. Oxford University Press, London (1974)
[6] D. Mumford, T. Oda, Algebraic Geometry II. Texts and Readings in Mathematics 73, Hin-
dustan Book Agency, 2015.
[7] B. Poonen, E. Schaefer, Explicit descent for jacobians of cyclic covers of the projective line.
J. reine angew. Math. 488, 141–188 (1997)
[8] K. Ribet, Galois action on division points of Abelian varieties with real multiplications. Amer.
J. Math. 98, 751–804 (1976)
[9] E. Schaefer, Computing a Selmer group of a jacobian using functions on the curve. Math.
Ann. 310, 447–471 (1998)
[10] J.-P. Serre, Topics in Galois Theory. Jones and Bartlett Publishers, Boston-London (1992)
[11] G. Shimura, Introduction to the arithmetic theory of automorphic functions. Princeton Uni-
versity Press, Princeton (1971)
[12] J.-P. Serre, J. Tate, Good reduction of abelian varieties. Ann. of Math. 88 (1968), 492–517.
[13] G. Shimura, Abelian varieties with complex multiplication and modular functions. Princeton
University Press, Princeton (1997)
[14] J. Xue, Endomorphism algebras of Jacobians of certain superelliptic curves. J. Number The-
ory 131:2 (2011), 332-342.
[15] J. Xue, C.-F. Yu, Endomorphism algebras of factors of certain hypergeometric Jacobians.
Trans. Amer. Math. Soc. 367 (2015), 8071–8106.
[16] N. Yui, On the Jacobian variety of the Fermat curve. J. Algebra 65 (1980), 1–35.
[17] Yu. G. Zarhin, Hyperelliptic jacobians without complex multiplication. Math. Res. Letters
7, 123–132 (2000)
[18] Yu. G. Zarhin, Hyperelliptic jacobians and modular representations. In: Moduli of abelian
varieties (C. Faber, G. van der Geer, F. Oort, editors). Progress in Math. 195, 473–490.
Birkha¨user, Boston (2001)
[19] Yu. G. Zarhin, Endomorphism rings of certain jacobians in finite characteristic. Matem.
Sbornik 193, issue 8, 39–48 (2002); Sbornik Math. 193 (8), 1139-1149 (2002).
[20] Yu. G. Zarhin, Cyclic covers, their Jacobians and endomorphisms. J. reine angew. Math. 544,
91–110 (2002).
[21] Yu. G. Zarhin, Hyperelliptic jacobians and simple groups U3(2m). Proc. AMS 131, 95–102
(2003)
[22] Yu. G. Zarhin, The endomorphism rings of jacobians of cyclic covers of the projective line.
Math. Proc. Cambridge Philos. Soc. 136, 257–267 (2004).
[23] Yu. G. Zarhin, Non-supersingular hyperelliptic jacobians. Bull. Soc. Math. France 132, 617–
634 (2004)
[24] Yu. G. Zarhin, Endomorphism algebras of superelliptic Jacobians. In: Geometric methods in
Algebra and Number Theory (F. Bogomolov, Yu. Tschinkel, editors). Progress in Math. 235,
339–362, Birkha¨user, Boston Basel Berlin (2005)
18 YURI G. ZARHIN
[25] Yu. G. Zarhin, Abelian varieties without homotheties. Math. Res. Letters 14 (2007), 157–164.
[26] Yu. G. Zarhin, Superelliptic jacobians. In: “Diophantine Geometry” Proceedings (U. Zannier,
ed.), Edizioni Della Normali, Pisa, pp. 363-390 (2007)
[27] Yu. G. Zarhin, Endomorphisms of superelliptic jacobians. Math. Z. 261 (2009), 691–707, 709.
[28] Yu. G. Zarhin, Endomorphisms of superelliptic jacobians. arXiv:math/0605028v6 [math.AG].
[29] Yu. G. Zarhin, Endomorphism Algebras of Abelian Varieties with Special Reference to Su-
perelliptic Jacobians. In: Geometry, Algebra, Number Theory, and Their Information Tech-
nology Applications. Springer Proceedings in Mathematics and Statistics 251 (2018), 477–
528.
Department of Mathematics, Pennsylvania State University, University Park, PA
16802, USA
E-mail address: zarhin@math.psu.edu
